Minimality of hyperplane arrangements and 
basis of local system cohomology 

Masahiko Yoshinaga* 
May 18, 2011 

Abstract 

The purpose of this paper is applying minimality of hyperplane ar- 
rangements to local system cohomology groups. It is well known that 
twisted cohomology groups with coefficients in a generic rank one local 
system vanish except in the top degree, and bounded chambers form 
a basis of the remaining cohomology group. We determine precisely 
when this phenomenon happens for two-dimensional arrangements. 

1 Introduction 

The purpose of this paper is applying minimality of hyperplane arrangements 
to local system cohomology groups. In §1.11 and §1.21 we win recall basic 
notions and results on these topics. In §1.3[ we will give the plan of the 
paper. 

1.1 Minimality of hyperplane arrangements 

Let A = {Hi, . . . , H n } be a hyperplane arrangement in C . Namely a finite 
set of affine hyperplanes. We assume each hyperplane Hi = {c^ = 0} C C 
is defined by an affine linear equation We denote the complement of 
hyperplanes by M(A) = C e \ (JjLi H. 
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After the discovery of combinatorial description of the cohomology ring 
H*(M(A), Z) |USj and K(ir, l)-property for simplicial arrangements [D], it 
has been revealed that the complement M(A) of a hyperplane arrangement 
A has a very special homotopy type among other complex affine varieties. 
Especially, the following minimality seems one of the most peculiar properties 
to M(A) [DP1IR1IP51IF]. 

Theorem 1.1. (Minimality of arrangements.) The complement M(A) is 
homotopy equivalent to a finite minimal CW-complex X. Namely, X satisfies 
the following minimality: The number of dimensional cells Jj{fc-dim cells} 
is equal to the fc-th Betti number bk{X). 

The minimality is expected to be useful for computations of local system 
cohomology groups. An immediate corollary is the following upper bounds 
for dimensions of rank one local system cohomology groups, which were con- 
jectured by Aomoto and first proved in |Coj by using another method. 

Corollary 1.2. Let £ be a complex rank one local system on M(A). Then the 
dimension of ^-coefficients cohomology group is bounded by Betti number: 

dimH k {M{A),C) < b k (M(A)), 

for k = 0,1,..., I. 

For further applications of the minimality to computations of local sys- 
tem cohomology groups, the description of the minimal CW-complex X, in 
particular the attaching map of each cell, is needed. However Theorem 11.11 
does not tell it. It should be noted that the proof of Theorem 11.11 is based 
on Morse theoretic arguments. The constructions of cells are relying on a 
transcendental method, namely using gradient flows of a Morse function. 

Both of the two recent approaches to the problem of describing attaching 
maps of minimal cells are: 

• assuming A is defined over the real numbers K, and 

• describing attaching maps by using combinatorial structure of cham- 
bers. 

However they used different methods. 

• In [Y1J . we studied Lefschetz's hyperplane section theorem for M(A), 
and described the attaching maps of the top cells. 
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• In [SS], Salvetti and Settepanella developed discrete Morse theory on 
the Salvetti complex, and then described the minimal cell complex by 
using discrete Morse flows. 

See |Del(, IDS] for subsequent developments. Furthermore, in |GSj . 2-dimensional 
algebraic minimal chain complex is described. The present article can be con- 
sidered as a counterpart of [GSJ. 



1.2 Non-resonant local systems 

A nonempty intersection of elements of A is called an edge. We denote by 
L(A) the set of edges. An edge X E L(A) is called a dense edge if the 
localization Ax = {H E A \ H D X} is indecomposable. We denote by 
D(A) C L(A) the set of dense edges. 

Let A = (Ai, . . . , A n ) E C n . Then A determines a rank one representation 
of 7ri(M(yi)) by 7Ti(M(.A)) 3 7 i— )■ exp( / 7 ^^ =1 Airflogai) E C* and the 
associated local system L = C\. In other words, £ is determined by the 
local monodromy = e 27rv/3TAl E C* around each hyperplane H^. For an 
edge X E L(A), denote qx = YIxch We also denote the half twist by 
q]' 2 = e -v^T\ 

We can embed the affine space C £ in CP^ as C e = CF e \ H^. We call 
Aoo := {H | H E A} U {Hoo} the projective closure of A. The monodromy of 
L\ around the hyperplane at infinity is Yi7=i 1i l - ^ ^ s natural to define 

rrn —1 
?oo = 1L=1 Qi ■ 

The structure of the cohomology group H k (M(A), £>) with local system 
coefficients has been studied well [AJ lESVt |K| ISTVj . In particular, it is 
known that if L is generic, then the cohomology vanishes except in k = I. 
Among others, let us recall two results in this direction. ( |DT[ [L| ICDQ] ) 

Theorem 1.3. ( |DTj ) Suppose that A is defined over R and the local system 
L\ satisfies 

to^MorVXeD^oo). (1) 

Then 

for k ^ £, 

H k (M(A),L x ) = \ (2) 
^ C-[C], for k = £, K J 

Cebch(A) 
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where bch(.A) stands for the set of all bounded chambers. A chamber [C] can 
be considered as a locally finite cycle, in other words, an element of Borel- 
Moore homology [C] G Hf M (M(A)). In (JSJ) we identify the chamber C with 
cohomology via the canonical isomorphism Hf M (M{A)) ~ H (M(A)). 

Definition 1.4. D^^) := {X G D^) | X C H^}. 

Theorem 1.5. ( |CDOj ) Suppose that the local system L\ satisfies 



where x(M(.A)) is the Euler characteristic of M(A). 
1.3 Plan of the paper 

The purpose of this paper is to refine vanishing results Theorem 11.31 and 
Theorem 11.51 for £ = 2 by using minimal complex arising from minimal CW- 
decomposition of M(A). We will prove that the assertion (j2|) of Theorem 1 1 . 3 1 is 
true under the weaker assumption ([3]). Furthermore, if A is indecomposable, 
we also prove that the assumption can not be weakened any more. Our main 
result asserts that ([3]) and <^ are equivalent. (For £ = 2.) 

In £j2j we treat combinatorial structures of chambers, which will play a 
crucial role in the study of minimal complex. 

In £j3j we will describe the minimal cochain complex arising from Lef- 
schetz's hyperplane section theorem. Particularly, we treat the case I = 2 in 
details. 

In §H we prove the main result, that is, for an indecomposable two di- 
mensional arrangement A, conditions and ($Z§ are equivalent. 

2 Chambers and flags 

2.1 Involution on unbounded chambers 

Let A be a hyperplane arrangement in M 1 . We denote the set of chambers, 
bounded chambers, unbounded chambers by ch(A), bch(yi), uch(^l), respec- 
tively. Note that ch(A) = bch(A) U uch(7l). 



q x ^ 1, for VX G D M (^). 



(3) 



Then 
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Let C G uch(yi) be an unbounded chamber. Then the closure cl{C) in 
the projective space MF e intersects the hyperplane at infinity. 

Definition 2.1. Let C G uch(A). (i) Define X(C) to be the smallest sub- 
space of i^oo which contains cl(C) fl H^. (ii) There exists a unique chamber 
which is the opposite with respect to cl(C) fl H^. We denote the opposite 
chamber by C v (see Figured]). Obviously we have C vv = C. 



See Figured] for an example. In this figure, X{C\) = X{C±) 

x(c 2 ) = x(c 3 ) = d(c 2 )nH 00 . 




d(C 4 ) n h 



Figure 1: C and C x 



Definition 2.2. Define the involution i by 

i : uch(yi) — > uch(yi) 

C i— ► C v 

We now characterize dense edges contained in by using X(C). First 
we prove an easy lemma. 

Lemma 2.3. Let A be an essential central arrangement in Then the 
following are equivalent. 

(1) A is indecomposable. 
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(2) There exist H G A and C G ch(A) such that cl(C) HH = {0}. 

(3) For any H G A, there exists C G c\\(A) such that d(C) n H = {0}. 

Proof. Let H & A and consider the deconing d#.A with respect to iL Note 
that dnA is an affine arrangement of rank (I — 1). Using |OT| §3.3], >A is 
indecomposable if and only if the /3-invariant of d#.A is nonzero. By the 
famous result of Zaslavsky [Z], it is equivalent to the existence of bounded 
chambers of the deconing d H A. Choose a bounded chamber of d H A, and let 
C be its cone. Then cl(C) D H — {0}. This proves (1) =>- (3). The other 
implications can also be similarly proved. □ 
Using the above lemma, we obtain the following. 

Proposition 2.4. Let A be an affine arrangement in M. e . An edge X G 
L(yLoo) satisfies X G D^i^A^) if and only if X = X{C) for some C G uch(A). 

2.2 Generic flags 

Let J be a generic flag in K 

J : = J- 1 c 3° C J 1 C • ■ ■ C 3* = R £ , 

where each 3 q is a generic g-dimensional affine subspace, that is, dim 3 q DX = 
q + dimX — £ for X G L^A^). Let {hi, . . . hi} be a system of defining 
equations of 3, that is, 

? q = {K+i = •• • = h = 0}, for q = 0, 1, . . .,1 - 1, 

where each /ij is an affine linear form on IR £ . Using the flag 3, we decompose 
the set of chambers into several subsets. 

Definition 2.5. Define 

ch q {A) = {C G ch(A) | Cn?V and CnJ^ 1 = 0}, 
for g = 0,l,...,l 

Proposition 2.6. QYlJ) (lch 9 (.A) = 6 g (M(7t)). □ 

Remark 2.7. The above proposition gives a refinement of Zaslavsky's for- 
mula ElcA(MOA)) = ftch(A), (0). 



6 



We assume that jF satisfies the following : For q = 0, . . . , £, 3^ denotes 
{h q+1 = h q+2 = • • • = hi = 0, h q > 0}. 

1. For an arbitrary chamber C, if belonging to cb q (A), then CfliF' 3 C 3^. . 

2. For any two X, X' G L(.A) with dimX = dimX' = i — q (i.e. satisfying 
ln?' = {pt} and X' n 3* = {pt}), if X ^ X', 

ft,(inf) ^ /i,(i'nJ ? ). 

In the remainder of the paper we fix a generic flag J satisfying the above con- 
ditions. And also fix the orientation of J q by the oriented basis (df ll , . . . , dh q ) 
of the tangent space T x 3 q . 

Next we further decompose c\\ q (A) into two subsets. 

Definition 2.8. Define subsets bch"(7l) and ucb q (A) of ch q (A) by 

bch q {A) = {C e ch q {A) | Crisis bounded}, 
uch q (A) = {C G ch q {A) | C n 3 q is unbounded}. 

We note that bch £ (7l) = bch(A). 

Example 2.9. Let us consider the arrangement of four lines A = {Hi, H 2 , H 3 , H^} 
with a generic flag as in Figure [2j 




Figure 2: bch q (A) and uch q (A). 

Then we have by definition 

chV) = {Co}, ch 1 ^) = {C 1} C 2 ,C 3 ,C%}, ch 2 (A) = {(%,(%, C%,Ci}, 
bcb°{A) = {C }, bcb\A) = {d, C 2 , C 3 }, bcb 2 {A) = {C 4 }, 
uch°( > A) = 0, uch 1 ^) = {C V }, uch 2 (A) = {(%,(%,(%}. 
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Theorem 2.10. The involution t induces a bijection 

l : bch^GA) ^ uch g (A). 

Proof. Suppose C G boh 9-1 (.A), that is, C C 3 rq ' 1 is bounded. Then C v n 
3 rq ^ 1 = 0. By the assumption on the flag, C D ^ q is unbounded. Since £F 9 
is generic, d(£F 9 ) intersects cZ(C) D transversally. Hence C y D 5F 9 7^ 
and unbounded. We have C v G uch 9 (.A). Conversely if C v G uch 9 (.A), then 
C vv = C intersects 3 :q ~ 1 . Suppose C fl 3 rq ^ 1 is unbounded. In this case, C y 
also intersects J 9 " 1 . This contradicts the fact C v G uch q (A) C ch q (A). □ 

Corollary 2.11. (Jbch 9-1 ^) = fluch'GA). □ 

Remark 2.12. (1) Corollary l2.11l together with Proposition l2.6l and jjch 9 (Vl) = 
(jbch 9 (^l)+(juch' ? (yl), gives a "bijective proof" for Zaslavsky's formula Jjbch(.A) = 

Elo(-l)^(M(-A))- 

(2) The bijective correspondence (Theorem 12. 10p plays a crucial role in 

m 



3 Minimal complexes 

Let A be an essential real arrangement and J be a generic flag as in the 
previous section. Set F = <g> C the complexification of 3^ -1 . Com- 
pare the complexified complement M(A) with the generic hyperplane section 
M(yi) nF. Lefschetz's hyperplane section theorem |HL] tells us that M(A) is 
homotopy equivalent to the space obtained from M(A)C\F by attaching some 
^-dimensional cells. Namely we have the following homotopy equivalence: 

M(A) « (M(A) n F) U Vi \jD e , 

i 

where (pi : dD l — > M(A)nF is the attaching map. In |Ylj . we described the 
homotopy type of the attaching maps. The £-dimensional cells are naturally 
encoded by the set ch (A) of chambers which do not intersect 3 ri ~ 1 . By using 
the description of attaching maps, we constructed a cochain complex 

(C[ch q (A)], d L y q=0 : ► C[ctf(A)] ^ C[cW +1 (A)] — ► ■ ■ • 

which computes local system cohomology groups for arbitrary rank one local 
system L. Namely, we have H*(C[ch'(A)),d L ) ~ H*(M(A),L). In §EU we 
shall describe the cochain complex (C[ch*(.A)], ofa) based on |Ylj . and in §3.21 
we investigate the case £ = 2 closely. 
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3.1 Minimal complex arising from Lefschetz's Theo- 
rem 

Definition 3.1. (Separating hyperplanes) Let Ci,C 2 G ch(A) be chambers. 
Define 

Sep(Ci, C 2 ) = {H G A | H separates C\ and C 2 }. 

And also 

1/2 _ TT 1/2 

?Sep(Ci,C 2 ) - 11 Qi ■ 

H,£Scp(C u C 2 ) 

To describe the coboundary map d c : C[ch q (A)] ->■ C[ch 9+1 (.A)], we need 
the notion of degree map 

deg : ch 9 (yi) x ch g+1 (yi) — ► Z, 

which we will define below. 

Suppose C G ch q (A) and C G ch 9+1 (7l) are given. Let D = D q C 3* be a 
g-dimensional ball with sufficiently large radius so that every O-dimensional 
edge x G L[A fl 3 r<? ) is in the interior of D q . There exists a tangent vector 
field U (x) G T x J q for x G D which satisfies the following properties: 

• if x G dD, then C/(x) ^ T x (dD), and C/(x) directs inside of D, 

• ifxeH with H eA, then C/(x) £ T.^nJ") C T x 3^ and C/(x) directs 
the side in which C is contained. 

From the properties, we have U(x) ^ for x G d(cl(C) fl D), where cl(C) is 
the closure of C in 3 rg . Roughly speaking, the degree deg(C, C) is defined 
to be the degree of the Gauss map 

^- : d(cl(C)DD) — > S^ 1 . 

Definition 3.2. Let C G ch q (A) and C" G ch 9+1 (.A). Fix U as above. Then 
define deg(C, C) as follows. 

(0) When q = 0, then deg(C, C") = 1. 

(1) When g = 1, then cl{C) HD ~ [-1, 1]. In this case 5° ~ {±1}. The 
degree of the Gauss maps g := : {±1} — > {±1} is defined by 

f if^({±l}) = {+l}or^({±l}) = {-l}, 
deg(</) = { 1 if^(±l) = ±l, 
[ -1 if 0(±l) = =Fl. 
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(2) When q > 2, 



deg(C,C") = deg 




— : d(d(C) n D) 




(It is easily seen that deg(C, C) does not depend on U .) 



Now let us define the map 



d L : C[ch"(.A)] 



£\c\\ q+l (A)} 



by 



ch«(A) 3[C]^ de ^ C > C ') ■ «(o,co - ' [CI • (4) 



Theorem 3.3. (HH 6.4.1]) With notation as above, (C[ch"(A)], d L ) is a 
cochain complex. Furthermore, 



In the above formula @, the degree deg(C, C) E Z is difficult to de- 
termine. The author wonders how to compute deg(C, C). Let us pose a 
problem which might be interesting from the view point of combinatorics of 
polytopes. 

Problem 3.4. Let P C M. d be a bounded <i-dimensional convex polytope. Let 
{F e } e( z E be the set of facets (i.e., (d— l)-dimensional faces). Let U(x) e T x M. d 
be a vector field on M. d . Suppose that U satisfies U(x) ^ when x G dP and, 
furthermore, U(x) £ T x F e for any point x G F e in a facet. We can associate 
a sign vector X G {+1, — 1} E by 



Cech9 +1 



£T*(C[ch'(yi)], djc) ~ F*(M(yi), £). 




+1 if C/ directs outside of P on F f 
— 1 if U directs inside of P on F e . 



Then how to compute the degree deg : dP — > S d 1 J of the Gauss map 
from the sign vector X G {±1} E 7 
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3.2 The case 1 = 2 

In this section, we look at the minimal complex (C[ch*(.A)], &£) for i = 2 
more closely. 

First note that ch°(A) = {Co} consists of a chamber. The map : 
C[ch°(7l)] — > C[ch\A)] is determined by d £ ([C ]), which is 

d([C ])= £ (C^-Ccka))-^]- 

As in §2.1[ we decompose ch 1 ^) = bch 1 (yi)Uuch 1 (yi). Note that by Theorem 
12.101 uch 1 (/l) = {Cq } consists of a chamber which is the opposite one of 
Co. The second coboundary map dc ■ Cfch 1 ^)] — > C[ch 2 (A)] is given 
by the formula (@|. The degree deg(C, C) behaves differently according as 
C G bch\A) or C G uch\A). 

(i) Suppose C G bch\A). Then Cfl? 1 is a closed interval, the boundary 
(two points) can be expressed as (H n 3 1 ) U (H' H 5 1 ) for H, H' G A. 
deg(C, C) can be computed as 

r 1 if H, H' G Sep(C, C"), 
deg(C, C") = < -1 if if, £ Sep(C, C"), 
others. 



(ii) Suppose C G udc\ l (A). Then C fl jF 1 is an unbounded interval, the 
boundary (a point) can be expressed as H fl 9 rl . deg(C, C) can be 
computed as 



deg(C,C) 



-1 if ii £ Sep(C, C") 
if H G Sep (C,C") 



In particular, we have, 

Lemma 3.5. Let C G bch 1 ^). The boundary of C fl 3" 1 is expressed as 
(Hn? 1 ) U (H'n? 1 ). Then 

a (n — / 1 ^ ^ anc ^ are no ^ P ara H e l5 

deg(C,C ) = | _ x if ^ an d are parallel. 
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Figure 3: Example 13.61 

Example 3.6. Consider the arrangement of four lines A = {Hi, H 2 , H 3 , H4} 
in M? and a generic flag J as in Figure |3j Then 

bch°(yi) = {C } bch 1 ^) = {Ci, C 2 , C 3 } bch 2 (yi) = {D} 

uch°(yi) = uch 1 ^) = {c v } uch 2 (yi) = {CX, c 2 v , c 3 v }. 

The coboundary map dc '■ C[ch°] — > Cfch 1 ] is determined by 

fc([G)]) = (gi 4 -?r*)[CiM^^ 

and dn : C[ch x ] — > C[ch 2 ] is as follows. 

dt{[Ci]) = (q\ 2M - q-j^ CX] +(qL-qi 2 blC%] +(4-<fa*)P] 

^([c 2 ])= - (gf 4 -gi7) [C2 v ] | | -(qI-qiHd] 

dj:([Cs})= i i +(gL - gri)[g 2 v ] + (gL - Qih ic*] 

^([Co V ]) = "(?? - ?r')[CT] -(?f 3 - 9i7)P 2 V ] - (4 3 - 

The coefficients of the diagonals have another expressions. Observe that 
X(Ci) = X(C 3 ) = and X(C 2 ) = TT 2 n #3 n #oo- Since = ^234 and 
9x(c 2 ) = <?2<?3<?oo = we have 

1 _i 1 _i 1 _i 

(gi 2 234 ~ ^1234) = _ (?x(Ci) _ 1x(d)) = ~\1x(c 3 ) ~ 1x(c 3 y> 

1 _1 1 _1 

~ \Qu ~ gi4 2 ) = 1x(c 2 ) ~ 1x(c 2 )- 
In general, we have 
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Proposition 3.7. Let C G bch\A). Then the coefficient of [C v ] in d L ([C}) 
is given by ±(q^ c) - q x \c))- 

Proof. Let H & A. Then H separates C and C v if and only if H does go 
through X{C) G Hoc. Using q x q 2 , . . . q n qoo = 1, we have 

?sep(c,ov) = g^J c) . 

Hence ±(<7 S e P (c,c v ) — %ep(c,cy)) = ^(^(c) ~ Qx(C))' ^ 
For use in the next section, we analyze the induced map 

Cfbch 1 ^)] Cfch 1 ^)] C[ch 2 (/l)] -» C[uch 2 (.A)]. 

Consider the composed map d £ : Cfbch 1 ^)] — ► C[uch 2 (.A)]. As Theorem 
I2.10[ the bases of the source and the target of dc are naturally identified 
by the involution i. Thus the determinant det(cfx) G C makes sense. The 
matrix djz is expressed by an upper triangular matrix, and the determinant 
can be computed. 

Theorem 3.8. The determinant det(dx) can be expressed as 

det(^) = ± J] (q¥-q x 1/2 T\ (5) 
xeD oc (yi CX) ) 

where rix is a positive integer. 

Proof. First note that, for C G uch(yt), X(C) is either O-dimensional or 
equal to H^. We call an unbounded chamber C G uch(Tl) narrow (resp. 
wide) if X(C) C is O-dimensional (resp. X{C) = H^). We decompose 
Cfbch 1 ^)] and C[uch 2 (7l)] into direct sum of subspaces. Set 

N 1 = C[{C G bch 1 ^) I C : narrow}], W 1 = C[{C G bch 1 ^) | C : wide}], 
N 2 = C[{C G uch 2 (yi) | C : narrow}], W 2 = C[{C G uch 2 (yi) | C : wide}]. 

Then clearly Cfbch 1 ^)] = PU 1 © iV 1 and C[uch 2 (.A)] = W 2 _® N 2 . The map 
dc preserves X 1 . Furthermore, the matrix presentation of c?x | jv 1 : X 1 — > X 2 
is diagonal. Indeed suppose that C G bch 1 ^) is a narrow chamber with walls 
H (l^ 1 and iJ' fl 3 rl . Then H and ii 7 are parallel. By definition of degree 
map, dx([C]) is a linear combination of chambers which are put between H 
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and H'. The opposite chamber C v is the unique such element in uch 2 (.A). 
By Proposition 13.71 we obtain the explicit formula 

M\C]) = {q% ) -q x ^ ) )[^] 

for a narrow chamber C E bch 1 (/l). Next we consider W 1 and W 2 . Since 
Clbch^/N 1 ~ W l and C[uch 2 ]/iV 2 ~ W 2 , we have the induced map T L : 
W l — > W 2 . This map is again expressed by a diagonal matrix. Indeed, for a 
wide chamber C E bch 1 (A), we have 

Z([C)) = -(g^ /2 -g- 1/2 )[C v ] 

Thus 

det (12 : Cfbch 1 ] ->• C[uch 2 ]) = det(d2\ N i) ■ det(c^) 

= ± n -^(c))- 

Cebch 1 ^) 

By Proposition 12. 4[ A(C) in the above formulas runs all dense edges con- 
tained in ifoo. Hence we obtain ([5]). □ 

Corollary 3.9. The map : C[bch 1 (A)] — > C[uch 2 (.A)] is nondegenerate 
if and only if q x ^ 1 for any dense edge X E D^-Aoo) in H^. 

The decomposability of A is related to W 2 as follows. We omit the proof 
(cf . Figure [2] and Figure [3]) • 

Proposition 3.10. For i = 2, A is decomposable if and only if dimPF 2 = 1. 

4 An application 

As we saw in the previous sections, the basis of our cochain complex is 
encoded by the set of chambers. There is also an involution l among un- 
bounded chambers. In this section, we prove that if the monodromies around 
dense edges at infinity are nontrivial, then the bases corresponding to un- 
bounded chambers C and C v = l(C) are cancelled each other, and finally, 
only bounded chambers survive. This leads to a proof of the refined version 
of vanishing theorem. 

Our main result is the following. 
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Theorem 4.1. Let A be an indecomposable line arrangement in M 2 . Let £ 
be a rank one local system. Then the following are equivalent. 

(i) qx 7^ 1 for any dense edge X G D^A^) contained in H^. 
(ii) 



H k (M(A),£) 



for k = 0, 1, 

C • [C] for k = 2. 

cebch(yi) 



(iii) H 2 (A,L) is generated by {[C] | C G bch(.A)}. 

Remark 4.2. (i)=^(ii)=>(iii) holds for any arrangement A (without inde- 
composability). However (iii) (i) requires the indecomposability of A. (See 
Remark 14.31 ) For comments to the higher dimensional cases (£ > 3) see the 
next £0 

Proof of Theorem\4J\ (i)=Kii): Let C G ch°(A). Since 

^([C ]) = -(^ /2 -g oo 1/2 )[C v ] + ---, 

and goo ^ 1, we have rank {dc '■ C[ch°(A)] — > Cfch^yi)]) = 1 (and in partic- 
ular, H°(C[dn 9 (A)],djc) = Ker(d £ : C[ch°] -)• Cfch 1 ]) = 0). 
To show that 

• H 1 (C[ch'(A)],d L ) = 0, 

• H 2 (C[ch'(A)],d L ) = Coker(rf £ : Cfch 1 ] C[ch 2 ]) has {[C]} CebcM) as 
a basis, 

it suffices to prove that the induced map 

T c : Cfbch 1 ^)] — ► C[uch 2 (yi)] 

is surjective (hence bijective). However this easily follows from Corollary 13.91 

(ii) =^(iii) is trivial. 

(iii) ^(i): Let us assume (iii). Since H 2 = Coker(d £ : Cfch 1 ] -)■ C[ch 2 ]), 
the assumption implies that the induced map 

C[ch x (yi)] — ► C[uch 2 (.A)] is surjective. (6) 
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As in the proof of Theorem I3.8[ dc maps N 1 to iV 2 . Thus the induced map 
T c : W 1 ®C-[C%] — )> w 2 

I* \l 

Cfch 1 ]/^ 1 C[uch 2 ]/iV 2 

is surjective. Now if q^ = 1, then dn is the zero map on W 1 , and hence W 2 
is at most one dimensional. This is a contradiction to the assumption A is 
indecomposable (see Proposition 13. 10p . Thus we have ^ ^ 1. 

Set bch\A) = {C 1 ,...,C k }. Then ch 1 ^) = {C v ,d,...,C fc }. d L ([C ]) 
is expressed as 

k 

rf £ ([Co]) = ao[C v ] + E«a^]- 

8=1 

Note that a = -(q^ 2 - q^' 2 ) ^ 0. Since d\ = 0, d £ ([C v ]) G C[ch 2 ] can be 
expressed as a linear combination of d,c([Ci]), . . . , dc([Ck])- The assumption 
(ED implies that (recall that Cfch 1 ^)] = C[bch\A)] © C ■ [C V ]) 

Cfbch 1 ^)] — > C[uch 2 (yi)] is surjective. (7) 

Again by Theorem 13.8} we conclude that ^ / 1 for any dense edge X e 
) in Hoo. □ 

Remark 4.3. The assumption U A is indecomposable" is necessary to prove 
(iii) =>■ (i) in Theorem 14. 11 Indeed, consider the arrangement in Figure 
[H which is decomposable. Let £ be a rank one local system such that 
9i)92)93 ^ C* are generic and g 4 = q\ q^ % ■ Then q^ — 1. The map 
c?£ : Cfch 1 ] — >■ C[uch 2 ] is computed as: 



vi 



dA\C 2 }) = [qL-qihPl] -(9f 2 -9i7)[C3 V ] 

&([cy) = -(«L-ff^l)[cSf] 

dc{[C^]) = ~(qI - if'Wx] -(9f 2 -9i7)[Q V l- 

Hence the map g?£ : Cfch 1 ] — > C[uch 2 ] has rank three. This implies that 
if 2 (C[ch*], d£) is generated by bch 2 = {C4}. Thus (iii) holds true, while (i) 
is false because = 1. 
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5 Remarks and conjectures 

We conclude this paper with some remarks on higher dimensional cases £ > 3. 
As in the case £ = 2, it seems natural to focus on the induced map 

T c : Cfbch"- 1 ] — > C[uch 9 ] 

defined by the composition C[bch 9_1 ] ^ C[ch 9_1 ] C[ch 9 ] -» C[uch 9 ]. 
Since the bases of two spaces C[bch 9_1 ] and C[uch 9 ] are naturally identified 
by the involution l, it makes sense to consider the determinant of d&. 

Conjecture 5.1. The determinant det (dc : C[bch' 7_1 ] — > C[uch' ; ']) is expressed 
in the following form 

det(3Z) = ±\\{qf - q x 1/2 r x , 
x 

where X runs all dense edge X 6 D^-Aoo) with dimX > £ — q and > 0. 

Once the above conjecture is established, it deduces the following. 

Conjecture 5.2. Let A be an essential affine arrangement in ~R e . If the rank 
one local system L satisfies the condition (j3J), then fl2]) holds. 

"Proof o/[Q El " Since the composition : C[bch 9_1 ] C[ch 9 ~ x ] 

C[ch 9 ] -» C[uch 9 ] is bijective, the rank of the map C[ch 9_1 ] C[ch g ] is at 
least (jbch^ 1 = (juch 9 . Hence, 

dimlm(rf £ : C[ch« _1 ] C[ch 9 ]) > (juch 9 = tJbch« _1 , 
dimKer(d £ : C[ch 9 ] -> C[ch fi+1 ]) < (jch 9 - tfbch 9 = tfuch", 

for g < t - 1. This implies if fc (C[ch"], d £ ) = for k < £ - 1. Also this 
deduces £^(C[ch*], d x ) is generated by bd/(7l) = bch(A). □ 
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